The qualitative natures of the transient behaviours of the waiting times in a GI/G/l system are studied first, when the waiting time of the initial customer is v. For instance, it is shown that the mean waiting time is increasing in n only when v < l for some l.
Introduction and preliminaries.
Many authors have written papers on the subject of transient behaviours of queueing systems until now. Some of them have derived exact finite time solutions for simple queues (see Cohen [2] ). Some of them have studied on the rate of convergence --the exponential convergence --to the equilibrium state (see Vere-Jones [17] , Heathcote [10] and Miyazawa [12] ). And some of them have checked the decreasing rate of the serial correlation coefficients of waiting times and have utilized the results to evaluate errors in estimating the mean waiting time by using sample averages on simulation experiments (see Daley [3] and Blomqvist [1] ). Certainly their works give important and worthy informations on the subject to the practical researchers and the theoreticians.
From another standing point, Davis [5J introduced "the buiZd-up time" as a rough scale of the rate of convergence to the equilibrium state. And, for a M/G/1 system, Morimura I13J conjectured that the queueing process may be considered to have almost reached at equilibrium state after the lapse of about two times of the build-up time Tb starting from the empty state, where Tb = fa t'dEv(t) / Ev(oo) and v(t) is the virtual waiting time at t. This result also proposes a convienient and valuable measure to the practical researchers.
But it was reported by Hashida [9J that for the M/M/k system the build-up time Ti 3 starting from the state where there are i customers in the system 14 
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Transient Behaviour in Jf! MI 1 and MI DI 1 15 initially, may take a negative value. For example T. is negative in the 1- case of the traffic intensity p = 0.4. The reason why T. may take a nega- 1- tive value is because the mean system size does not necessarily increase monotonously and may be fluctuating. So we think that it is necessary to investigate the grobal properties of transient patterns of queueing processes.
In this paper we will first consider 3. GI/G/I queueing system with first in first served (FIFS) discipline. Let t be the interarrival interval ber;.
tween the {n-l)-th and the n-th arriving customers; {t, n = 1, 2, ... } is a n sequence of positive i.i.d. variables. And the service time of the n-th arriving customer is denoted by s ; {s , n = C, 1, 2, ..• } is also a sequence of n n positive Li.d. variables. And we denote by w (v) the waiting time of the n n-th arriving customer when the system starts from the initial condition that there remain total residual service loads of v at t = 0, i.e. Wo = v. Now we would want to know the qualitative nature of the transient behaviour of the process {w (v) , n = 1, 2, ... }, and, in particular, we are interested in n the mean waiting time Ew (v) n as functions of n for different initial values of v. For example, we can show Ew (v) n is increasing in n, if v is smaller than some value l.
In the section 3, we give the explicit forms of P{w (v) = O} n and M/D/I, and by using them we can calculate the exact values of cursively to study the transient behaviour more concretely.
And for these case, we will examine numerically some scales of the rate of convergence to the equilibrium state, when the process starts from Wo = O. In those scales. '2 = (o~ + pot) / (1 -p)2 seems to be a favourable one, where 0a and ob are the coefficient of variation of the inter-arrival times and the service times respectively and p is the traffic intensity. Transforming the number n of the n-th arriving customer into n' = n/'2' the val- [8] and Newell [14] in the study of diffusion approximations of queueing processes.
Here we are summing up preliminary definitions and a lemma for later use.
1.
(EsapY, P1'Osohan and Walkup [6] .)
Random variables (Xl' X 2 , ... , Xn) a~e said to be assooiated if (1.1) for every pair of functions f and g which are monotone non-decreasing in each arguments~ provided that the covariance exists.
It is noticed that mutually independent random variables are of course associated.
2.
Let £ be the family of real valued random variables with finite mean on a probability space.
We define the following binary relation on X x '£ ,which are introduced by H. Stoyan and D. Stoyan [16] -z,
This property is proved by the similar way as deriving equation (3) 
from which we can easily derive
For any fixed n, let us put u 1 = u 1 . 
where {w} is the waiting time process of the dual queueing system generated n by interchanging the service time distribution and the interarriva1 time distribution of the original system each other, in which the process is assumed to start from the state Wo = O. Of course Wn(O) and M(v) are highly correlated, but as for the expectation we can write
Hereafter we assume that the original system satisfies the equilibrium
So the dual queueing system turns out to be a divergent queueing system. Further there exists at least one x such that the strict inequality P{U)n ~ x} < P{U)n+1 ~ x} holds.
(ii) {EU)} is strictly increasing and concave in n. n (iii) {var(U))} is also strictly increasing in n. n Next we will state on the transient patterns of the First we get the following rather trivial results.
U)n(v) is stochastically increasing in v for all n.
(ii)
EU)n(v) is strictly increasing in v for all n. (iii) var(U) (v)) is also increasing in v for all n. n
Proof. 
Thus for any !:::. > O. Now from the definitions of U) and n M(v) , they can be regarded as functions of the associated random variables
nis also monotone non-decreasing in each is monotone non-decreasing in each u.
is so in m. Thus, (2.8) is assured from the definition of association.
Proposition 2.3 (i)
The difference all v. By using (2.9), we have 
-v 
for Izl < 1, where S (8) is the Laplace transform of B(x). And R(z) satisfies the functional equation
and we have Thus we have
which is the probability of the first return to the origin at the time 2n
through the positive axis in the random walk. And let Rkn be the coefficient of zn in the expansion of {R(z)}k, then we have
which is the probability of the k-th return to the origin at 2n (see Feller [7] p. 77.) Of course, above probabilities can be also obtained by expanding
{R(z)}.
Rewriting 0.5) as
.
then we have
For the system M/M/1, if P < 1 we have
( 3.10) Especially in the case of v:: 0, after a little calculation we can rewrite (3.10) as
and we "an see P{w = O} -(1 -p) as n _ 00 • n The exact value of Ew (v) can be calculated recursively by using (3.10) n and (3.1). By expanding (3.14), we get n-l
The value of P{w
and, replacing n-k by k, we have
where
Now applying this identity to the last term in the right side of (3.17), we get
and putting this into (3.15) It is noteworthy that the value of P{w (v) = O} converges more rapidly n to its limiting value 1-p than Ew (v) n does, which is naturally expected from the recursive relation (3.1) for the mean. This fact suggest to us that when we apply Markov model to a queueing system and estimate some quantities by multiplying the transition matrix with itself by a number of times recursively, percentiles of the distribution may be estimable more exactly than the moments values. On the other hand, "hen we must judge whether a practical queueing processes are considered to have reached at the equilibrium state or not, it may be more safe to judge from informations concerning the convergence rate of the mean waiting time than to use those of probabilities. Now let us consider the unsolved question mentioned in ,the last of the Let us define as a transformed value of the mean waiting time
after Newell , which may be reasonable, since Ew is monotone increasing to n Ew and concave in n. Then, Y n may give a nice information about the closeness to the equilibrium state.
As time transformations, \'le think of the following scales:
T are the build up time and the scale given by Gaver [8] And is an adaptation from Newell [14] . We are now considering the waiting time process, whereas the queue length process are dealt with in Newell [14] . T2 is a modification of T 1 , which is adopted from the following reason: an essential form of such scales seems to be 1/(1_p)2 times of some fluctuation quantity caused by the arrival and the service time processes and the contributions of the service time process are made only during busy period, while the proportion that the system is busy is p. The reasoning for adopting T2 is not so sufficient yet.
Here let us list up each T for the cases of M/M/l and M/D/l:
Now we transform the number n of the n-th arriving customer into n': Table I and 2 give the values of Y'n' which are transformed by '1 and '2 respectively for the case of M/M/I. And Table 3 Table 2 From the above discussion, the time transformation n' = n/T 2 is favourable one both in M/M/l and in M/D/l, but, of course, we cannot apply this resuIt directly to a general queueing system GI/G/l, even to M/G/l. Thereafter we need exemplify more theoretically on this subj ect.
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